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We study a first-order exothermic chemical reaction in a continuous stirred-tank reactor
modelled by a 3-parameter family of vector fields in R?. We prove that there exist regions
in R® which contain points that depend on parameters such that the chemical reaction has
0, 1, 2, or 3 small amplitude limit cycles that surround the origin. We conclude that this
model can reach two stable small amplitude limit cycles. Finally, we show that one of these
regions contains the point in the parameter space considered by Gurel and Lapidus [6] who
proved numericaly the existence of one stable limit cycle.

1. Introduction

In many important physical systems, the dynamical system equations are in the
form of autonomous coupled nonlinear ordinary differential equations such that

d
d—i =y =g(z,y,0),

where 6 = (41, ..., 8,) denotes the physical parameters of the system.

It is often desirable to obtain conditions under which all orbits are attracted to a
single equilibrium point. The possibility of a cyclic behaviour, which is reflected in
the existence of periodic solutions, is aso of considerable interest (see, e.g., [8]).

There are many parameters that influence the behaviour of the industrial processes
such as the chemical composition, temperatures of the input and output fluxes, the
presence of chemica reactions, and others. Nevertheless, processes are designed to
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be stable, that is, they must show a stable behaviour when the parameters of the
system change. In many cases, the variation of the parameters can be very significant
and, eventually, the process becomes unstable. In order to avoid this instability, it is
necessary to add a control system to the process that must be capable to ensure the
stability of the process.

We study in this article an open-stirred tank cooled by a water stream which has
a chemica reaction. The model has been deduced from the mass and energy conser-
vation principles, the former taking into account that the flux entering the tank has a
concentration equal to ¢p and the flux that exists from the tank has a concentration ¢
in the reactive. Both fluxes were assumed the same in order to satisfy the hypothesis
of zero accumulation. The occurrence of a chemical reaction was aso assumed where
areactive A transforms into a product B according to an n-order kinetics that can be
described by A™ — B. The reaction rate may be represented as dc/dt = kc™, where
k = koe E/BT s a quantity that increases with temperature, ko a constant, E the
activation energy for the reaction, R the universal gas constant, and 7" the absolute
temperature. The energy balance assumes an exothermic reaction with an enthalpy
change AH. The inner cooling water has a temperature 77 and the outer water a
temperature T». The heat exchange between the water and the reactor occurs over an
area Ac of the wall being this transfer characterised through the heat transfer coeffi-
cient . Then the heat flux has a value hA(T — T), where T = (11 + T»)/2. The
example analysed includes a proportional control g = K (T — Ts) that is externally
applied to the inner cooling water and acts through a heat flow.

We let ¢5 and T denote the equilibrium values that correspond to no contral, that
is, gc = 0.

With all these assumptions, it is possible to write the mass conservation and the
energy balance as follows (see figure 1):

V% =Q(c—cg) — kV ",
s (1)
Vpcpa =QpCp(To — T) +AHEV " — (hA+ qo)(T - T),

where T corresponds to the average temperature of the cooling water. It was assumed
that no changes occur in the density along the process, that is, the densities of the
inner and outer streams are similar.

After the following change of variables and normalisation,

cs— C Ts—T t*Q t* 1n—p
= y = y t = —, = 7 enl ,
v Cg y Ts Vi T /81 ¢
E ThA AHrTcg
- ] — ] - 1 - ern]ie’
B2 =n s RIS fa=1+ Vol Ps 2O Ts
TKT. T
Be = : fr=1-—
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Figure 1. Continuous stirred-tank reactor chemical reaction A™ — B.

the set of equations that models the above reaction is

ab:—x+/61[(1—x)ﬁ2exp<&> —1},
y—1

y=—Pay — Bs [(1 — x) exp<yﬂiyl> - 1] — Bey(B7 — ¥),

where the 3;, for i = 1,...,7, dencte the physical parameters of the system.

Both Aris and Amundson [1] and Gurel and Lapidus [6] have shown that,
for a first-order exothermic chemical reaction in a continuous stirred-tank reactor,
the introduction of a proportional control can lead to a stable limit cycle where
temperature and concentration oscillate continuously. For the particular vaues
(51, B2, B3, Ba, Bs, B6, f7) = (1.0,1.0,25.0,2.0,0.25,16.0,0.125), using numerica ar-
guments, Gurel and Lapidus [6] showed the existence of a stable limit cycle.

We prove that there exist four regions in the 3-parameter space such that if we
take a point in each region, system (2) has, respectively, 0, 1, 2, or 3 small amplitude
limit cycles around the origin.

In the particular case of above, we consider the numerical values 3; for i =
1,2,3,7. Let us discuss the dynamical behaviour of (2) in the parameter space \ =
(Ba, Bs, Be) € RS, with 35 > 4/25. Let X, be the respective C>°-vector field of (2).

We have that
-2 -25
DX,(0,0) =
A(0.0) Bs —fPa+ 2505 — %

2
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and that
det DX(0,0) = 284 — 25035 + %,
tr DX(0,0) = — 3 + 2505 — % 2
Now if

>y = {AeR} | det DX,(0,0) > 0}, and
S0 = 1N e R® | sg(tr DX(0,0)) = sg()}, with e € {~1,0,1},

then Div X,(0,0) = 0 if A € 2.

If A € £f N9, then the singularity at the origin of X, is a weak focus of at
least order one.

To compute the Liapunov quantities on the nonhyperbolic focus at the origin and
give a simple description of the bifurcations diagram in the parameter space, it is nec-
essary to reduce (2) to a norma form (see, e.g., Blows and Lloyd [3], Dumortier [4]).

In the parameter space, we consider the function ¢ : R? — R given by

a?+4
@(a’ﬁﬁ) = (az - % + 2! T!ﬁﬁ) = >\’
where « is a new real parameter such that o = 2535 — 4 and that (o, Fs) € ¢~ 1(29).
Consider the change of coordinates ¢ : R? x R — R? x R which includes a rescaling
of the time and is given by

2
Y(u,v,7) = (—2u — av, %11), é) = (z,y,1).

The C*-vector field obtained is Yz = (D)1 X, with € = ¢~1()), and the linear
part is

DY¢(0,0) = ((1) _01> .

It is well known that the order of the fine focus at the origin depends on the
coefficients of the Taylor series of the vector field at the origin. Therefore, we consider

0 0
Ye=Peg-+ Qe ©)
where
7 . .
Pe(u,v)=—v+ Y _ Agu't’ + higher order terms,
3,7=1
7 @
Qe(uw,v)=u+ Y Bjju'v’ + higher order terms,
ij—1
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Table 1
Polynomial expressions for Iz, I3 and la.
Io(v, B6) —64 — 951cr + 36802 + 481a° — 5290 — 3203 + 920°%3s — 452

Ia(cv, Be) 4532608 + 538742100 + 337723920° — 638456260
— 88551694a* + 139203387a° + 382250800° — 104000871a
+ 3609948902 + 253049635 + 8978880035 4 3094040 36
— 2611744803 35 + 26024440 35 + 242764080° 35 — 125563440° 35
+ 448408032 + 969516032 — 8951120232 — 18627960° 32
+ 16377840 32 + 3302433 + 46800035 — 949440233 + 206458

ls(cv, Bs) —429062556416 — 5167843081924c — 8969331235664
+ 5084299738179° + 267023656865840* — 252696074777990°
— 139487444941210° + 3993289637399 + 232863676614440°
+ 9353378728330° — 265651505008450/1° + 168190407210120
— 28627180214820/12 — 2835306919685 — 178444707129603s
— 1891575047504 3 + 5293618404864a° 3s + 29651475581000* ¢
— 34694392337920.° 35 — 69546423153680.° 35 + 30548048918760" Fs
+ 82161988391320:° 35 — 72485785337520° 35 + 14935920112080.*° ¢
— 7120837854432 — 3090092711043 — 4183932520402 32
+ 6392870749200 32 + 4918283558720 32 — 7834024148880° 32
— 8804942396040.° 52 + 12494835942720," 32 — 3246939154802 32
— 957542809638 — 2759562553603 4 49895430080 33
+ 621907578080° 35 + 326904580480 32 — 1076821595520.° 32
+ 37645671360a° 32 — 79648537638 — 1543767552032
+ 27332633602 3¢ + 46397205120° 32 — 24551524800* Ga
— 297031683% — 79958400033 + 853966080235 — 123763235

Consider ¢ € p~1(29). The coefficients of (4) are functions of the parameters o
and (g, that is,
Aij = Aij(a, Bs) and B = B;j(a, Bs).

Using the software for symbolic calculus of Mathematica [10], if L denotes
the Liapunov quantities of the singularity at the origin of (3) (see, e.g., Blows and
Lloyd [3], Lloyd et a. [7], Guifiez et d. [5]), then we obtain:

(4 + a?)?l, (A4 a3 (At 0ol
10002 %7 T9.10%4 ~ 108101246
where the polynomia expressions for o, I3 and 4 are shown in table 1.

L1=0 Ly,= and L4

2. Main results

Let Q; and Q, be defined by

0 = {(@.00)a > /5o 5> 0}
Q= {(a,ﬁe)‘ *\/% <a<o, 56>0}-
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Lemma 1. There exist five points F;, with ¢ = 1,...,5, in the parameter space
e 1= N =9) such that:

o if
F3e niY0)nizH0) or Fse QyniyY(0)NizH0),
then the singularity at the origin of (3) is an attracting fine focus of order three;
o if
Fi,Feunli}0)nizt0) o FyeQniy (0)nizk0),
then the singularity at the origin of (3) is a repulsive fine focus of order three.
Lemma 2. In the parameter space ¢~ 1(Z5 N Z9), for each point F; withi=1,...,5,

there exist open sets sz, for j =0,1,2, such that if £ € /\/;-j, then the vector field Y
has j small amplitude limit cycles surrounding the origin.

Theorem 1. There exists an open set R, in the parameter space Zaf such that if
A € R, then the vector field X, has at least three concentric small amplitude limit
cycles surrounding the origin and the system can reach two stable small amplitude
limit cycles.

Theorem 2. There exists a bifurcation surface S, C % that divides the parameter
space into regions such that if A € S, then the vector field X, has one semistable
limit cycle or two limit cycles, being one of them a semistable limit cycle and the
other a hyperbolic limit cycle. All of the limit cycles surround the origin.

3. Proof of the main results
Proof of lemma 1

Since lx(av, B) = —64 — 951a + 36802 + 481> — 5290 — 32036 + 92023 — 432
is a quadratic polynomial in the parameter (s, the discriminant is A(a) = 16a(—951+
481a2). Now if A(e) < 0, then there are no real zeros of I, namely, when a <

—/951/481 or 0 < o < /951/481.

If o > /951/481, then the zeros of the polynomia [, and the straight line
a = /951/481 are tangent at the point

/951 18025
481" 962

lo(ct,0) = —64 — 951 + 36802 + 481a° — 52904 < 0.

Therefore, there exists a branch of 1 10) in Q1.

and
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If —,/951/481 < a < 0, then the graph of the equation I, = 0 with the straight
lines =0 and o = —/951/481 are tangent at the points

/951 18025
(0,—4) and < @’W>’

respectively. It is easy to see that there exists another branch of 7, 1(0) that is a closed
curve at Qo.
Then

QNLYO)NIZYH0) ={F1, 2, F5} and QN 1,10) NizH(0) = { Fu, F5},
where the F;, withi =1,...,5, are given by

F3 ~(1.52029147891315, 30.39571075638284),

F» ~(2.211371456535958, 24.40477641046841),
F3~ (4.497343282263827, 327.9436638653552),
Fy ~ (—0.5749216533159115, 10.47056163965918),
F5 ~ (—0.921320620660345, 16.94203529778311).

Figure 2 shows, qualitatively, the position of the above points F;, withi = 1,...,5,
on the two connected components of I>(«, G6) in Q1 and Qo, respectively.
Furthermore,

Lg(F1) >0, Lg(F2) >0, Lg(F3) <0, Lg(Fy) >0 and Ly(Fs) <0,

thus, the singularity at the origin of system (2) is a repulsive weak focus of order three
a the points F,, F» and F4 and an attracting weak focus of order three at the points
F3 and Fs. The proof is now complete.

Proof of lemma 2

Lemma 1 stated that, for the points F3 and Fs, the origin is an attracting fine
focus of order three and that, for the points Fy, F», and Fy, the origin is a repulsive
fine focus of order three. Hence, we only prove the lemma for Fs, since the proofs
for the other cases are essentially the same. The bifurcation diagrams are shown in
figures 3-5.

Let e > 0 be sufficiently small. We consider the point F5 = («, 35) asin figure 2.

We then have that:

(@ When (a—¢, Be(€)) € Qanl;, 1(0), we obtain aHopf bifurcation; that is, the unique
hyperbolic attracting small amplitude limit cycle bifurcates and the singularity at
the origin is a fine focus of order two.

(b) When (a +¢,86(€)) € QanNl; 1(0), the stability at the origin of (3) does not
change. Since Lz(a + ¢, 86(¢)) < 0, the singularity at the origin is an attracting
fine focus of order two.
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17'(0) |

Figure 2. The position of the points F;, withi =1, ..., 5, in the parameter space such that the origin

(©

(d)

(€

(f)

of (2) is afine focus.

When (o — ¢, F(e) +¢) € Qr — lgl(O) and (« — ¢, Bs(€)) isasin (@) of above, we
havethat Lo(a—e, Bs()+¢) < 0, hence, the stability at the origin of (3) isreversed.
Thus, another Hopf bifurcation occurs. Therefore, there exists an open set Ns,
such that if £ € Ns,, then the vector field has two hyperbolic small amplitude limit
cycles, namely, a repelling limit cycle in the interior and an attracting limit cycle
in the exterior: the singularity at the origin is an attracting fine focus of order one.

When (o + ¢, Gs(e) + ¢) € Qp — 151(0) and (o + ¢, Bg(¢)) isasin (b) of above,
we have that Lo(a+¢, Bs(€) +¢) < 0, hence, the stability at the origin of (3) does
not change and the singularity at the origin is an attracting fine focus of order one.
Then there exists an open set A5, such that if £ € Ns,, then the vector field has
no small amplitude limit cycle.

When (o — ¢, Bs(e) —¢) € Qo — lgl(O) and (« — ¢, fBs()) isasin () of above, we
have that Ly(a — ¢, Gs(c) — €) > 0, hence, the stability at the origin of (3) does
not change, that is, the singularity at the origin is a repelling fine focus of order
one. The limit cycle obtained in (@) of above persists, since it is hyperbolic. Then
there exists an open set N5, such that if £ € N, then the vector field has one
small amplitude limit cycle.

When (a + ¢, () — €) € Qr — l2‘1(0) and (o + ¢, Fg(¢)) is as in (b) of above,
we have that Lo(a + ¢, Gs(c) — ) > 0, hence, the stability at the origin of (3)
is reversed. Thus, wehavea Hopf bifurcation; that is, the unique hyperbolic at-
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tracting small amplitude limit cycle bifurcates and the singularity at the origin is
a fine focus of order one. Therefore, there exists an another open set A5, such
that if £ € N5, then the vector field has one small amplitude limit cycle, which
completes the proof for Fs.

The proof of the lemma now follows.

Since at the point F3 there is an attracting fine focus of order three, and since
a the points F1, F» and Fy there are repelling fine foci of order three, the proof
is essentially the same as that of above and the bifurcation diagrams are shown in
figures 3-5.

Proof of theorem 1

By the proof of lemma 2 part (c), in the parameter space ¢~ (2§ NZ9) and given
e small enough, there exists N5, such that

e = (o — €, B(e) + €) € N5,

Then the vector field Y. has two concentric small amplitude limit cycles sur-
rounding the origin.
Now, since

X@(fs) = (Dtb)y%stbil’

Bs

Figure 3. Bifurcation diagram of the origin of (2) in a neighborhood of F4 and Fs in Q..
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Figure 4. Bifurcation diagram of the origin of (2) in a neighborhood of F3 in Q;.
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R () ¢S (©)

151(0) ()

Figure 5. Bifurcation diagrams of the origin of (2) in a neighborhood of F; and F3 in Q1, respectively.

the vector field X ¢.) has two concentric small amplitude limit cycles around the origin
where p(&.) = \. € Zg’. Furthermore, the singularity at the origin is an attracting fine
focus of order one.

We next perturb the parameters 4, (5 and (g so that the new X is given by

ez

We have that the stability at the origin of X« is reversed and the singularity at the
origin is a repelling hyperbolic focus, since
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Ly=1r DX)\;(O, 0) > 0.

Therefore, we have a Hopf bifurcation, that is, the unique hyperbolic attracting limit
cycle bifurcates. Note that by the hyperbolicity of the two limit cycles of lemma 2
part (c), they persist. Thus, in the parameter space =, there exists a neighbourhood
Vss(F5) of the point Fs, with 65 > O sufficiently small, that contains the open set
{\|0<ex 1} and X+ has three hyperbolic small amplitude limit cycles.

Next, at the point F3, the origin of the vector field is an attracting fine focus of
order three, the proofs for the existence of an open set as well as that of the three
limit cycles are analogous. Note that two of the limit cycles are stable. Analogously,
in the neighbourhood of the points Fy, F» and F,, where the origin of the vector field
is a repelling fine focus of order three, it is possible to prove the existence of open
sets such that the vector field has three limit cycles which have opposite stabilities.
There now exists a set R, which is the union of open sets such that if A € R, then the
vector field X, has at least three small amplitude limit cycles, and the proof is now
complete.

Proof of theorem 2

We consider the point F5 € QN 1, %(0) Ni5*(0). By lemma 1, the singularity at
the origin is an attracting fine focus of order three.

Under this hypothesis and after time rescaling, by the theory of the normal forms
in a neighbourhood of the origin, the vector field X is equivaent to a vector field
given by Takens[9, pp. 488-491] (case k£ = 3) and Arrowsmith and Place [2, pp. 215~
217] (Type (3,+)). Therefore, there exists a bifurcation surface S, in zg that divides
the parameter space into regions and if A\ € S), then two of the three limit cycles of
theorem 1 collapse into a semistable limit cycle. (In figure 3 the curve C'Ss is the
intersection between S, and 29 when («, 3s) € ¢ 1(29).)

Moreover, by parts (d) and (e) of the proof of lemma 2, if we perturb the pa-
rameters so that tr DX,(0,0) < O, then we have that, in case (d), the vector field
has no small amplitude limit cycles and that, in case (€), it has two small amplitude
limit cycles. Therefore, there exists a bifurcation surface Sy in £} such that if the
point A crosses Sy, then the two limit cycles collapse into a semistable limit cycle and
afterwards disappear.

Remark 1. The limit cycle found by Gurel and Lapidus [6] is located close to the
point Fs; this limit appears when the parameters are perturbed from (o, 3s) € ¢ 1(29)
in part (e) of lemma 2 to the sector where tr DX, (0,0) > 0. Hence, the limit cycle is
located in the open set A/s, .

Remark 2. We have proved that system (2) has three small amplitude limit cycles (see
theorem 1); two of the cycles are stable and the other is unstable. Since systems (1)
and (2) are equivaent, under the physical point of view, the process modelled by (1) isa
stable one in the sense that, given aredlistic initial condition other than the equilibrium
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T

Cs

Figure 6. Three limit cycles for a first-order exothermic chemical reaction in continuous stirred-tank

reactor.

point (cs, Ts) and outside the unstable limit cycle, the corresponding solution tends to
become stabilised in one of the two stable oscillating behaviours that the system has,
as is qualitatively shown in figure 6.
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